Abstract-We address the problem of harmonization of two subsystems used separately to measure a velocity in a body reference frame and an attitude with respect to an inertial frame. This general problem is of particular importance when the two subsystems are jointly used to obtain an estimate of the inertial velocity, and, then, the position through an integration procedure. Typical possible applications encompass pedestrian navigation, and, more generally, indoor navigation. The paper demonstrates how harmonization can be achieved thanks to an analysis of propagation of projection errors. In particular, trajectories known to be closed can be used to determine one dominant harmonization factor which is the pitch relative orientation angle between the two subsystems. Computations yielding the harmonization procedure are exposed in this article, and experimental data serve to illustrate the application of the proposed method.
INTRODUCTION
Recently, numerous multi-sensors systems for indoor navigation have been proposed. Among the currently studied technologies, several rely on radio signals from preinstalled infrastructures like iGPS, WLan, Wifi and Ultra Wide Band (UWB), and some others rely on various kinds of beacon, like ultra sounds systems or fingerprinting techniques. Alternatively, infrastructure-free techniques are also studied, like vision-based systems or systems using inertial navigation such as foot-mounted inertial measurement unit (IMU). Several of these technologies are often combined. The benefits of simultaneously using multiple sensors are essentially twofolds: i) various type of information can be obtained, ii) the overall robustness of the information obtained through data reconciliation is largely improved. While being practically very effective, these techniques also have flaws. A key aspect of these complex embedded systems is that information from the various sources must be harmonized, i.e. some procedure is necessary to make the informations consistent. While of importance, this aspect is often underestimated, even by practitioners. We address it in this paper.
Among the sources of inconsistencies between the sensors are individual sensor ill-calibration, and relative misalignments of their frames of references. Individually, each sensor has its own defects. Fortunately, numerous methods can be used to calibrate them. These methods are usually sufficient to determine scale factors and biases ( [1] , [2] , [6] , [8] ). For this reason, in this paper, we assume that the sensors themselves are already calibrated and we consider the problem of sensors harmonization.
The setup we consider in this study is a positioning system consisting of an inertial velocity estimator whose output signal is integrated over time. Two sources of information are used to obtain this estimate: a body velocity estimate and an 978-1-4577-1804-5/11/$26.00 c 2011 IEEE attitude sensor. This set-up covers a large class of navigation systems. A first example is a velocimeter and a compass used to estimate the position of a wheeled robot (e.g. Pioneer IV Mobile Robots). A second example is a visual (camerabased) odometer used in conjunction with an IMU for attitude estimate ( [5] , [7] ). A third application is a body mounted laser or Doppler radar used with an IMU attitude sensor ( [4] ). From a theoretical viewpoint, such systems use an estimate of the body velocity, expressed in the reference frame of the sensors providing this information, and an attitude estimate, expressed in the reference frame of the IMU. Assuming that all the sensors are attached to a common rigid body, there exists a constant rotation matrix (referred to as the harmonization matrix in this article) between the two considered frames of reference. In general, this matrix is not the identity matrix, and when it is ignored when determining a velocity with respect to the inertial frame of reference, the process results in projection errors. As the errors are integrated over time, the reconstructed trajectories drift.
The paper proposes a method to compensate for such drift. Notations and the problem statement are presented in Section I. In Section II, an analytic study exposes the sources of the problem, and shows that the harmonization matrix can be identified by a simple experimental procedure. The discussed pedestrian application is considered for sake of illustration. The main result shows that the dominant terms in the harmonization matrix (the pitch angle) can be determined by analysis of the vertical drift observed along a closed curve. Experimentally, this result can be very conveniently exploited in an on-the-field calibration procedure, where the user carrying the considered positioning system is simply asked to walk along a closed curve of his choice. At his return point, the harmonization matrix is automatically calculated, which permits to calibrate the multi-sensor system. These practical topics are presented in Section III. Finally some experimental results are presented in Section IV.
I. PROBLEM STATEMENT & NOTATIONS
The problem we wish to address is to estimate the harmonization matrix (totally or at least its most impacting terms) between the frame where the velocity is measured or estimated and the one in which the attitude is known.
Consider the following systems, each being attached to a coordinate frame:
• a building considered as the inertial frame of reference I (with its horizontal plane denoted x-y and z pointing upward);
• a pedestrian moving in the building with an attached frame ped whose x and y-axis are horizontal and x is pointing forward; • a subsystem providing an inertial speed expressed in its own coordinate frame vel ;
• an IMU providing the attitude of its own coordinate frame IMU with respect to the inertial frame of reference I . The attitude is initialized such that the gravity is on the vertical axis 1 .
Indices ped, vel, IM U and I refer to which frame the corresponding quantity is expressed in. For instance, V vel is the speed expressed in vel , whereas V IMU is the same speed expressed in IMU . Figure 1 pictures the introduced coordinate frames and indicates the rotation matrices between them. The ones of interest are:
• R plane = R ped→I , rotation matrix from the pedestrian frame to the inertial frame (unknown) • R T body = R ped→vel , rotation matrix from the pedestrian frame to the velocity sensor frame (unknown)
• R harmo = R vel→IMU , rotation matrix from the velocity sensor frame to the IMU frame (unknown, to be identified) • R att = R IMU→I , rotation matrix from the IMU frame to the inertial frame (measured by the IMU). The following useful relations hold
Inertial measurement Unit
speed which is measured
(1)
The most interesting frame to express the speed in is the inertial frame I . Indeed, in this frame, it is possible to integrate it to obtain the trajectory of the pedestrian in the building. However, the speed is measured in the velocity frame vel . The matrix R body is unknown and is relatively uncertain because, each time the pedestrian uses the navigation system, it could be put into a slightly different orientation. Finally, R plane is unknown as well. Therefore, the easiest way to express the speed in the inertial frame is to determine the harmonization matrix R harmo between the velocity frame and the IMU-frame, and thus exploit Equation (1) and not Equation (2) . This matrix depends only on the relative orientations of the two sensor subsystems. The positions and orientations of the subsystems being constant, R harmo needs to be identified only once and for all.
The relative position at any current time T , P (T ) − P (0), with respect to an inertial position P (0) is given through
Ideally, the harmonization matrix R harmo should be close to identity, but errors of a few degrees cannot be avoided in the actual set-up of the subsystems when off-the-shelf packaged sensors are used. In the following, we model the impact on trajectory reconstruction when this matrix is omitted. Then, we show how to compensate for this error.
II. IDENTIFICATION AND CORRECTION OF TRAJECTORY ERRORS DUE TO AN HARMONIZATION ERROR

A. Trajectory errors: the shape of the trajectory is altered
For sake of illustration, we consider a particular case where the pedestrian is walking with a speed of constant norm, and, for simplicity, in the forward direction (i.e. along the x-axis of ped ). First, we assume that the pedestrian frame, the velocity frame and the IMU frame are identical, i.e. that R harmo = R body = I 3 . So, we have
Further, we assume that the pedestrian is walking in an horizontal plane over the time interval [0, T ]. The IMU attitude is thus expressed using a single angle α(t)
Through Equation (3), one gets
Now, assume that the pedestrian has walked along a closedcurve. Then, P (T ) = P (0). From the previous equality, we deduce that 2 .
Now, we introduce an harmonization error, i.e. there is now a rotation R harmo = I 3 between the coordinate frame where the speed is measured in ( vel ) and the one where the attitude is measured in ( IMU ). We split up R harmo into three successive canonical constant rotations (roll φ, pitch θ, and yaw ψ in this order from IMU to vel ) and note
Assume that the velocity frame vel has been slightly rotated. The speed V IMU = V 0 0 0 T in the IMU-frame is unchanged, but the speed measured in the velocity frame vel now writes
If the harmonization error is not taken into account in the trajectory reconstruction, one obtains
where the vector c(θ
been put outside the integral since it is constant. According to Equation (7), the reconstructed position will then slightly, but constantly, drift downward (or upward depending on the signs of θ and V 0 ) as illustrated in the simulation presented in Figure 2 . In Figure 3 , the same drift can be observed on experimental data obtained with the system briefly presented in Section IV. As a consequence, even if closed paths are followed, the estimated trajectory will not go back to the starting point as it should. Interestingly, one can note that the two other angles have no impact on Equation (7) . Only the pitch angle θ alters the shape of the reconstructed trajectory. The trajectory will simply be rotated if the yaw angle is not zero (as illustrated in Figure 2 when only the pitch angle is corrected). The roll angle does not have any effect since the movement is performed along its rotation axis. Note that the error in Equation (7) is proportional to the traveled distance V 0 · T . An angle as small as 3 degrees leads to an error of more than 5% of the traveled distance.
B. First proposed calibration procedure
In Section II-A, we have explained how even a small pitch angle error could alter the shape of the trajectory at a macroscopic scale. A first calibration procedure is proposed in this section. It takes advantage of this property. From the measurements, both the traveled distance V 0 · T and the reconstructed trajectory neglecting the harmonization matrix (Equation (6) must be kept along the x-axis of the IMU, the velocity should be constant, and the IMU must be kept horizontal (i.e. its z-axis should be kept vertical). 2) Compute the naively reconstructed trajectory according to Equation (6) recalled below. Note P r (T ) the final point.
3) Identify the pitch angle θ thanks to Equation (7) .
This calibration procedure identifies the incriminated angle rather straightforward. Some of the constraints may seem hard to fulfill. However, most of them will be relaxed in Section III.
III. PRACTICAL CALIBRATION RESULTS AND LIMITATIONS
A. Further theoretical investigations
The example of Section II shows a particular case where a single angle is responsible for the non-closing of the reconstructed trajectory. We now present another viewpoint which will allow us to take some further errors in the trajectory reconstruction into account, and remove some constraints from the proposed calibration procedure. We assume that the pedestrian is performing a closed-loop trajectory with the time-varying speed in a constant direction in its own frame ped (forward for instance, as in Section II). The speed direction is then constant in the three frames ped , vel , and IMU (but the speed directions do not have the same expressions in the three frames).
Again, from Equation (3), we have
The speed direction being constant in the velocity frame, it can be put outside the integral sign, allowing to put the constant matrix R harmo outside the integral sign too. Denote
the constant speed direction in the velocity frame, and v vel (t) = V vel (t) its magnitude. Then, one gets
If the path followed by the pedestrian is a closed-loop trajectory, P (T ) = P (0), which means that M has not full rank and R harmo must send
in the kernel of M . Further, M has the following property.
Proposition 1: Consider a plane closed trajectory followed with a constant speed direction in the ped frame of reference (without spinning around that direction), starting at time t=0 and ending at time t=T. Denote the speed magnitude
Then, the 3x3 matrix
has rank 1, and its only non-zero singular value is the traveled distance.
The proof is given in Appendix A. According to Equation (9) , to close the reconstructed trajectory, and thus correct the pitch angle discussed in Section II, one simply has to find an harmonization matrix that sends
in the vector space of the null singular value of M . For instance, a rotation matrix that sends
on the direction of its projection on the plane of null singular value is a solution 3 .
B. Dealing with experimental data
In practice, the actual attitude and the actual velocity are almost never known, but estimated. Information about those quantities is provided through sensors, either directly or, more often, through data filtering. Denote by index f the corresponding filtered quantities that are available. By integration, one gets the reconstructed position P r (t)
As stated in Proposition 1, M has a plane of null singular values and its only non-zero singular value is the traveled distance. Due to the limited bandwidth of the sensors and the filters, M f does not have a plane of perfectly null singular value. As a consequence, the reconstructed trajectory cannot be made perfectly closed thanks to an harmonization matrix. However, M f is not very different from M . Experiments show that the singular values of M f are close to those of M : two are close to zero (almost identical), and a third one is close to the traveled distance. The closure error can be minimized by choosing an R harmo sending
in the vector space of the two smallest singular values. If the speed direction has been kept perfectly constant in the pedestrian frame ped , the smallest singular value is indeed the lowest closure error that can be achieved by choosing R harmo . Experimental results are provided in Section IV.
C. Second proposed calibration procedure
A first calibration procedure has been proposed in Section II-B. Some constraints, potentially hard to fulfill without dedicated equipment were required to perform that procedure. The approach presented in Section III allows to remove or weaken most of them in a new calibration procedure. We now present this procedure.
1) Walk along any closed-loop trajectory in the horizontal plane with the following constraint: the speed direction must be kept along the x-axis of the IMU. 2) Compute the matrix
3) Identify the plane of smaller singular values of M f (supposed to be identical). 4) Find a rotation matrix R harmo which sends the speed direction
in that plane of singular values, for instance thanks to Olinde Rodrigues' formula.
Two of the requirements of the first calibration procedure have been removed: keeping the speed constant and the zaxis vertical. The required trajectory is now simply the one naturally performed by any pedestrian walking, for instance, in a loop-shaped corridor. This allows the system to be calibrated very easily in the field by any operator. 
IV. EXPERIMENTAL VALIDATION
In order to evaluate the proposed calibration method, a system following the modular design in two separate modules for speed and attitude estimations has been implemented. The attitude is classically estimated by use of inertial sensors (see [3] , and the references therein) while the velocity estimate is provided through a set of spatially distributed magnetometers as proposed in [9] . Briefly, the magnetic field dynamics in the velocity frame writeṡ
where M vel denotes the magnetic field in the velocity frame. It is measured by the magnetometers. Ω, the rate of turn between the velocity frame and the inertial frame of reference I , is given by a gyrometer. J vel (M ) denotes the Jacobian of the magnetic field expressed in the velocity frame, i.e. it represents the local spatial variations of the magnetic field. It is obtained from the measurements of the spatially distributed magnetometers set through a simple finite difference scheme. Finally, V vel is the sought after velocity. Thus, the measurement system consists of a set of distributed magnetometers and an IMU. Both of them are attached to a single rigid board. This board is carried by the pedestrian whose trajectory is reconstructed. The system is detailed on Figure 5 , and illustrated in Figure 6 , where it is carried by a pedestrian. Figure 4 shows some detailed experimental results. The trajectory is reconstructed after walking two laps along a loopshaped corridor in an office building with the described pedestrian navigation system in the back. The red curve represents the (raw) trajectory obtained without taking the harmonization matrix into account, whereas the blue one is obtained from the same data but with insertion of the harmonization matrix (the pitch rotation angle is about 0.8 degrees). The altitude drift is canceled.
Finally, we show, in Figure 7 , an example of reconstructed trajectory that can be achieved by the system once the harmonization matrix has been found. The trajectory is projected on a 2-D map of the building. After a 220 m walk in two levels of an office building, the final error is approximatively 5 m. (The typical error of this system is about 4 − 5% of the traveled distance.)
V. CONCLUSION AND FUTURE WORK
In this paper, the harmonization errors between a velocimeter and an attitude sensor mounted on the same rigid body has been analyzed. It has been shown that a single pitch angle harmonization error is responsible for altering the shape of the reconstructed trajectory, e.g. by making a closed trajectory opened. A simple procedure to estimate this angle has been proposed, which can easily be performed on the field. Then, a more general formulation being able to account for some further imperfections due to the filtering of measurements has been proposed. Further developments will include the identification of less detrimental effects on the orientation of the trajectory.
APPENDIX A
Proof: First assume that the IMU has its x and y axis in the horizontal plane. The attitude is then a simple rotation around the vertical z axis defined by a single angle α(t) as already defined in Equation (4) The starting frame on the right side of R α and the arrival frame on the left side of R α can be rotated by some orthogonal matrices P and Q, taking into account the fact that the IMU is not horizontal anymore (P ) and that the coordinate frame of the inertial frame is arbitrary (Q).
We can get rid off P and Q under the integral sign since they are constant. This yields M = 
